We focus on a comparison between the classical and quantum descriptions of the degree of polarization of an optical field. A quantum field containing photons with various states of polarization and which propagate in the same direction in free space one after another (a so called photon beam) is analyzed. We show that the formulated definition of degree of polarization for this quantum field leads to a measurable quantity. The concept of a thought experiment is presented. 
Introduction
The degree of polarization (DOP) of an optical field has attracted interest in recent years [1, 2] . Previously a classical statistical description based on the Mueller-Stokes formalism was used, but from some time authors have also analyzed a quantum field containing photons with various states of polarization described by density operators: ρ(θ ) = |θ θ | [3] and propagating in the same direction in free space (hereafter called a photon beam). Although DOP has already been discussed in a quantum fields context [4, 5] , the problem has never been formulated as presented in this paper. This is because photons (de-fined as Hamiltonian eigenstates of a quantum oscillator) cannot be related to a certain time-space distribution of an electromagnetic field. This is one reason, why simple analogy to classic theory is unreasonable in the case of a photon beam. This paper presents a theoretical model of DOP for a photon beam based on an effective state of polarization [6] as well as a quantum description of a DOP measuring method. Correspondence between the theoretical quantum model and the measurement concept (inspired by classical statistical optics) is shown, together with possible differences.
Formulation of the problem
In the case of classical theory, a value for DOP is obtained experimentally by measuring the intensity of light passing through the optical system containing an achromatic phase plate of variable retardation ∆δ, and a linear polarizer with variable azimuth θ . By seeking the maximum and minimum intensity of passing light in terms of these two parameters, DOP is calculated as [7] :
If the states of polarization for different wavelengths are not identical then it is impossible to simultaneously transform them all to linear polarization and extinguish them with a polarizer. Thus the value (1) is less than one and the light beam is partially polarized. For a photon beam, it is necessary to redefine the concept of degree of polarization. Here it has no connection with the incoherent addition of waves of different frequencies, as in the case of classic theory. A photon -understood as an Hamiltonian eigenstate of a quantum oscillator-does not have any specified spectrum. Each photon in the beam (treated as an isolated particle) has a certain polarization stateρ(θ ) = |θ θ |, where bi-modal superposition of states is considered [3] :
where θ ∈ 0; 2π) and ∈ 0; π). The value of DOP should result from the probability distribution P(θ ), which describes polarization states of photons in a statistical ensemble. The mixed state of a photon is described by a density matrix:
We will not discuss quantum DOP using "coherence" nor "spectrum" terms, although such formal analogy between classical and quantum optics may be written [8] . Nevertheless, the concept for measuring DOP in the case of a photon beam can also be based on the same idea as in the classical statistical optics -that is by answering the question: "What must be done to maximally extinguish the light intensity? ".
Theoretical description of DOP
The geometric representation of a photon's mixed state (3) is a Bloch vector and its length | | can be defined as the degree of polarization by analogy with the classical theory. In [6] it was shown that a photon beam, containing differently polarized photons can be attributed to the socalled effective state of polarization -this photon beam is equivalent to the beam which contains only photons with this effective polarization and a polarization directed opposite on the Bloch sphere. Theoretical formulae for the effective state of polarization of a photon beam (given by parameters θ and ) and for DOP are obtained as a result of a comparison between two approaches to expressing the density operator for a photon in a beamintegral form (3), and a form including Pauli matrices [6] :
where A, B, C are the following integrals:
Concept of the measurement
The experiment, as was explained earlier [3] , should contain the smallest possible number of elements, since each measurement modifies the photon state. Parallel measurement on the same photon is impossible due to the non-cloning theorem. Using a quantum beam splitter is acceptable as it modifies the state of the photon in a welldefined way [9, 10] . For example, in the case of a 50:50 non-polarizing beam splitter with no phase shift, simple calculation shows that:
where {0,1} denote input modes and {2,3} denote output modes of the beam splitter BS. The question is now what optical element (or elements) to use to measure DOP. We would like to show that this postulated method is consistent with the concept of measuring intensity contrast (1) and still satisfies definition (4). Let us assume that it is possible to determine the value of DOP as the intensity contrast (1), but only by using a polarizer, that is without any retardation phase plate. As mentioned above, photons are not related to any specified time-space distribution of the electromagnetic field, thus modification of the state of a photon by a phase plate is not intuitive ( is not equivalent to a spatial delay between polarization modes of a classical wave). A linear polarizer is considered as a filter, which passes |θ 0 states [11] (linear polarization consistent with the polarizer azimuth θ /2). The probability that a photon is passed through a polarizer and registered on the detector is calculated as the square of the scalar product (projection of input vector to output vector):
On the contrary, a phase plate cannot be considered as a filter because it modifies every polarization in some way with a certain probability. That is why description of this element is complex. We may, of course, define a theoretical element which rotates the Bloch sphere -but it is not clear whether the real element behaves as it is assumed to [12] . Such an element is a source of depolarization [13, 14] and introduces systematic error to the measurement of DOP.
Relation between the quantum definition of DOP and the optical measurement concept
Since the act of emission of a particularly polarized photon (with probability P(θ )dθd ) and the registration of a photon after passing through a linear polarizer (with probability ( )) are independent events, we consider the product of these two probabilities. To obtain the total normalized light intensity on the photodetector we integrate this product over all possible states of polarization:
The intensity is taken as the number of photons registered by the detector. With regard to the previous designation, we obtain the formula:
This result is also achieved by explicitly applying a postulate of quantum mechanics referring to the mixed states:
whereρ P = |θ 0 θ 0| is a density operator for a linearly polarized photon. It can be understood as an operator describing a linear polarizer [15] . The contrast of intensity takes the form:
The contrast represents the degree of linear polarization (DOP ) and is not strictly equal to the theoretical value of DOP. To calculate the full DOP we need to measure a value of A, which is the degree of circular polarization (DOP ):
Let us consider a circular polarization filter. The probability of a photon passing through such a filter equals:
sin θ sin (13) where |+ = |π/2 π/2 and |− = |3π/2 π/2 . The normalized intensity of light on the detector:
Assuming that we do not care if the filter is for left-handed or right-handed circular polarization, we are able to measure A with the accuracy to its modulus:
Simultaneous measurement of DOP and DOP is possible if we use a quantum beam splitter (Fig.1) . Intensities observed on both detectors must be multiplied by 2, as the probability of a photon propagating in one of the beam splitter's mode is 1/2.
Physical interpretation of DOP and DOP
In classical statistical optics, the state of polarization of light is described by a Stokes vector, which can be measured as follows [7] : • S 0 is the total intensity of light;
• S 1 and S 2 are the preponderance of one linear polarization over another, measured in two bases inclined to each other with a 45 angle,
• S 3 is the preponderance of one circular polarization over the other.
The degree of linear polarization and degree of circular polarization describe respectively a relation between the intensity of linearly or circularly polarized light to the total intensity of light. Full DOP is a relation between the intensity of light polarized with any elliptical state of polarization to the total intensity:
This interpretation becomes clearer if we analyze the photon beam passing through a rotating linear polarizer or a circular polarizer. Consider, for example, a beam containing only linearly polarized photons -according to (15) We can also present a formal analogy between classical and quantum theory by considering a quantum correlation function, defined by Glauber [11] as coincidence between photon detection at two points in space for two moments in time:
whereρ is the density matrix for a mixed quantum state andÊ is the electric field operator. In the case of a monoenergetic photon beam (E =¯ ω), operatorÊ includes only one annihilation operator, so we can write:
where ν µ ∈ { } denote annihilation operators for two orthogonal polarizations. Thus the coherence matrix is given as:
where F denotes:
According to (16) , the Stokes vector for this field is:
We can find proper values of DOP and DOP from the above vector.
Conclusions
Complementarity of classical and quantum theory for degree of polarization in the case of a photon beam expressed by (3) is confirmed. The concept of a measurement setup is presented, together with limitations on its construction resulting from the influence of phase plates on photons. A thought experiment (Fig.1) is described, based on theoretically defined quantum filters [11] . Although a linear polarizer is commonly used in real setups, a circular polarizer is practically realized as a combination of a quarter-wave plate and a linear polarizer. However, we note that the ±|θ projection is actually equivalent to the spin measurement, as circularly polarized light carries angular momentum [16] . A mechanical detection system for this quantity is well known [17] and could be used instead of a circular polarizer.
